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Let 9 = {P,l,,m,, where 1 -K pI 5 pn < . . . , pr + CO. Following Beurling 
[Acta Math, 19371, we call such a sequence a system of generalized (g-) 
primes. Let M denote the multiplicative semigroup generated by B. Set 
N(x) = N&x) = {n EN : n < x}. Beurling proved that if N* satisfies the 
asymptotic relation (1) N&c) = Ax + 0(x log-’ x) with some numbers 
A > 0 and y  > 3/2, then the conclusion of the prime number theorem 
(P.N.T.) is valid for the system B. He gave an example of a g-prime system 
which satisfies (1) with y  = 3/2, but for which the P.N.T. does not hold. 
The following theorem lies in the narrow range between the above- 
mentioned results of Beurling. Let N@(x) = Ax+O{x (log x)-3/z exp 
(-[log log xl”)} for some numbers A > 0 and a > l/3. Then the P.N.T. 
holds for B. 
1. Let N and n be increasing functions supported in [l, so] and 
connected by the relation 
Ix-‘dN(x) = exp r -’ 
l- 
{1x dflb)) (Res>l). 
Let N satisfy the further conditions 
N(1) = 1 and N(x) = Ax + 0(x log-7 x) 
for some positive numbers A and y. Beurling proved in [2] that if y > 3/2, 
then the prime number theorem is true for n, i.e. n(x) - x/log x, 
and he gave an example in which y = 312 but the prime number theorem 
fails to hold. In this note we establish Beurling’s positive result with 
slightly weaker hypotheses on the function N. 
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THEOREM. If 
N(x) = Ax + 0(x log-3/2 x exp (-[log log xl’)), (1) 
with A > 0 and a > l/3, then 
(A) i(s)z j-- x-“dN(x) has no zeros on the line Re s = 1 and 
(B) n(x) ,‘;,log x. 
We shall only prove (A) here; the truth of (B) may be established by 
the following reasoning. Condition (1) implies 
7 I(N(x)-Ax)x-’ log x12x-l dx < 00. (2) 
1 
As is shown in [I] and [2], (A) and (2) together imply (B). We conjecture 
that the condition (2) is sufficient to prove (A) and (B), but we have not 
been able to obtain this result. 
2. Forn = 1,2,... let 
2 




This is the well known Fejer kernel. We shall use the trigonometrical 
polynomials K.“. We begin by establishing a few facts about Ki. Later 
we shall discuss the reason for choosing these polynomials. 
LEMMA 1. The function Ki has the following properties: 
Zn-2 
(a) Kz (x) = c ajn cos jx, with aln 2 0 
j=O 
(b) aon = $ + & 
(c) a,, = 2ao, - 2 
2n-2 
(d) c aj,, = n2. 
j=o 
Proof. 
(a) Kn is a cosine polynomial with non negative coefficients and 
cos jx cos kx = *{co, (j + k)x + cos 1 j - klx}. 
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x 
2 1 s 
n&(x)dx 
11” 
- - - 
n2 2x 2n2 2n s 
2nK,,(x)dx 
2 1- 1 c---z- 
n n n’ 
Zn-2 
(d) 1 ajn = K.(O)2 = n2. 
j=O 
We next give a simple estimate for [(o+it) for large Itj. This result 
can be improved somewhat, but there is no point in doing so for our 
present purposes. 
LEMMA 2. Let to > 0 be given. There is a number c = c([, to) > 0 such 
that ifIt 2 to and rs 2 1, then IC(c+it)l I ~$1. 
Proof. For u 2 2, \i(a+it)l < [(a) I r(2). For 1 s (r I 2 and 
ItI 2 to, write 
co 
163 >I s = 1 ++s x-s 
N4 -Ax dx 
S- s X 
1 
< A +; + (2+,$7x-‘o(lop-“‘x)dx. W 
1 
We use the two preceding lemmas to show that c(a+ it) cannot approach 
zero too swiftly as 0 \ 1. 
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LEMMA 3. Let t be a given nonzero real number. There exist numbers 
B > 0, b > 0 and co = a,(l;, t) > 1 such that if 1 < r~ < co, then 
I[(a + it)1 > B(a- l)“* erp{-b(log-g3 (loglog-&)li3}. 
Proof. Let X be the family of nonnegative cosine polynomials with 
nonnegative coefficients and let 
0 f p(x) = a,+a, cos x+. . . +a, cos MxEX. 
Define B = p(q) = 1 -a,/(2a,). The simple estimate 
1 * 
211 s 
rp(x)(l - cos x) dx > 0 
-?t 
implies fl > 0. Now we have 




2 o,hog [(c)+2(1 -8) log ][(a+ it)] + ‘$ log (cA4jtl)}. 
log I(a)+2 log ][(a+ it)/ 2 2 
1 
p log C(o) -I- yJ$ log (cMlt/)}. (3) 
provided fl < 1. We choose o0 so close to 1 that the inequalities 
log log log [(c&J > log 2cltl 
1 
log log 1 > 0 
CO- 
are valid. Take n to be an integer near {log S(a)/log log [(G)}“~ and let 
cp = K,Z. By Lemma 1, we find that 
p = iai < $, K:(O) = n*, and M = 2n-2. 
We insert these quantities in (3) along with the estimate 
1% L-(4 = 1% u + + O(1) 1 (as u\ 0, 




which is equivalent to the assertion of the lemma. 
We complete the preparatory lemmas by giving a Lipschitz estimate 
for [, similar to the estimate given in [I] and [2], but using the present 
hypothesis on IV. Since our theorem follows trivially from the results of 
[I] or [2] if a 2 1, we henceforth assume l/3 < tl < 1. 
LEMMA 4. Let t > 0 be given. There exist numbers crl > I and c = 
c([, ol, t) such that if 1 < u 5 ul then 
([(d+it)-[(l+it)l Ic(a-1)‘j2 exp 
Proof. Let s = a+it, with 1 < r~ < 2. Then 
-A * -- 
ml= &4)2 1-x s 
-’ log x(dN(x) - A dx) 
co 
IA+ x-s t2 s N’“‘,- Ax (s log x - 1) dx . 
1 
Use the estimate on N(x)-& that we have hypothesized and change the 
variable x -+ e”. We get 
I[‘(o+it)l I cl+c2~e-(‘-1)uu-1~2 exp {-(log u)“}du. 
1 
Taking X = (a- 1)-l, we write the last integral as 
x 03 










,< u-Ii2 exp {-(log u>“} du. 
1 1 
Integration by parts or l’H6pital’s rule shows the last expression to be 
asymptotic to 
2X’12 exp ( -(log X>.> (as X --) co). 
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Thus, if we take the u1 close enough to 1, we obtain for 1 < Q I c1 the 
estimate 
It;‘(a+it)l 5 c3+cq(b-1)-1’2 exp{-(log-+-J}. 
Since [ is continuous at 1 +it, we have 
(tj(o+it)-C(l+it)l 
< c(u - 1)1’2 ev{-(log&~}. 
3. The proof of assertion (A) of the theorem is now immediate. 
Indeed, suppose 1 +ito (to real, nonzero) were a zero of 1;. Then we would 
have by Lemma 4 
)[(a+ it,)l I c(a- l)l’* exp {-(%+J} 
for 1 < Q < crl. But the last inequality is incompatible with the con- 
clusion of Lemma 3, if c is sufficiently close to 1. Thus [( 1 -t it) # 0, for 
all real nonzero values of t. 
4. We discuss briefly here the choice of trigonometrical polynomials 
used in proving Lemma 3 and show the family of functions (Ki) to be 
essentially optimal for our method. (We do not claim that the conclusion 
of Lemma 3 is best-possible. Indeed we suspect that it is not.) 
We may assume that p < l/2 and cMlt1 > 1. Then (3) may be changed 
to 
log [(o)+2logI[(a+it)l 2 -21 log [(a)-2 $ log (cMltl>. (4) 
The right side of (4) involves jl and cp(O)/a,, which are not altered if we 
assume that the polynomial cp is normalized to have a, = 1. We hence- 
forth make this assumption, and we shall denote by X, the elements of 
X with constant term 1. To show that the right side of (4) cannot be 
made too close to zero, we shall estimate /I and it4 in terms of q(O). 
We first give a lower estimate for /I by a simple variational argument. 
As in the proof of Lemma l(c), we have 
/cl = (l/279 j cp(u)(l-cosu)du. 
-23 
Let 9 be the family of nonnegative symmetric integrable functions cp on 
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[ - rr, 7t], normalized by 
(1/2x) j cp(x)dx = 1 
-* 
and satisfying the condition V(X) I q(O), --x I x -< TF. If z 2 1, one 
may show (e.g. by an integration by parts) that 
inf {(1/2a) [ cp(u) (l- cosu)du: fjE.9,cp(O)=z) 
-53 
is achieved by the function cp equal to z on [-rc/z, n/z] and zero else- 
where. Since 9 3 X0, we deduce that for any cp E No we have 
de(O) 
/3 2 (1/2x) 1 cp(O)(l-cosu)du r c&o)-2 
-W&O) 
for a positive constant ci. 
To estimate M from below we note that for 
M 
q?(x) = c a, cos nx E so, 
0 
we have a, -< 2. Thus 
p(O)=l+ar+... +a,11+2M<3M. 
The estimates of the last two paragraphs will now be used to show 
that the right side of (4) is rather large negative, Indeed, 
B log 4-w + do) Iof3 mf(# 
2 c,cp(w- 2 log 5(4 + c,No loi3 do). (9 
The number c2 depends on c and t. For given 6, the right side of (5) is 
minimized near 
do) = c3b aax 1% WI 1’3 ; 
whence we obtain 
B loi3 6x4 + P(O) 1% wl$ > Gx w)“3 {log 1% w}2’3. 
Comparing this estimate with (3), we see that-except for the value of the 
constant c,-the polynomials (Kg) give the best estimates obtainable by 
our method. 
We remark that other families of trigonometrical polynomials besides 
(Ki) could have been used in Lemma 3. Examples include (a) powers of 
the Fejer kernel higher than the second and (b) the extremal polynomials 
of Fejer, 
p(x)=1+1,cosx+...+1,cosnx, 
which have the largest value of A1 of all nth degree polynomials in X0 [3]. 
On the other hand, it is not hard to check that the polynomials <K,,) 
do not give quite as good an estimate as we have obtained. 
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5. We have conjectured that the condition (2) implies [( 1 + it) # 0, 
for all real t. We conclude with a sketch of a possible attack on this 
problem. In place of Lemma 4 we would use the estimate 
[(a+ it)-[(l -I- it) = o((a- l)l”} bll> 
which follows from condition (2). If one could prove that for each t # 0 
there was a number c = ~(5, r) and a sequence on \ 1 such that 
)((a. + it)1 > c(0, - l)l’2, 
then (2) would imply the non vanishing of zeta on the line Re s = 1. 
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